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Topological characteristics of the ventricular muscle and propagating ventricular 
depolarization wavefront are sensitive descriptors of various cardiac diseases. It is 
shown that these invariants are derivable from proper analysis of the induced body 
surface potentials (a vectorcardiogram is sufficient input). In theory, various classes 
of cardiac pathology which are often undiagnosable by standard means can be 
identified by the derived topological methods. As a corollary, the widely held belief 
that geometric properties of cardiac muscle cannot be uniquely determined from 
body surface potentials is shown to be incorrect. Of considerable novelty is the 
utilization of differential topology both in the understanding of a basic physiological 
process and in the design of a diagnostic tool with potentially significant impact on 
the routine practice of medicine. Q 1985 Academic Press, Inc. 
1. INTRODUCTION 
The fundamental problem of electrocardiology is to identify pathological 
cardiac anatomy from analysis of the potentials on the surface of the body 
induced by the electrical activity in the heart. It is our object to illustrate 
and exploit subtleties of this problem hitherto unappreciated. The analysis 
presented suggests that a substantial increase in the diagnostic power and 
precision of clinical electrocardiology is possible. 
Like all living tissue, the heart muscle consists of intracellular and 
extracellular spaces separated by a cell membrane. For any given micro- 
scopic region of heart muscle which includes cell membrane there is a local 
transmembrane potential difference. Local transmembrane current flow can 
exist by virtue of the net transport of ions across the membrane in the 
direction of increasingly negative transmembrane potential (repolarization) 
or decreasingly negative transmembrane potential (depolarization). The 
heart is an electrical generator by virtue of the aggregate of these local 
source current densities, whose locations vary with time over the extent of 
living cardiac muscle. Since the generated magnetic effects measurable on 
the surface of the body are minimal, a quasi-electrostatic description of 
events recorded on the body surface is possible. Thus, it may be shown that 
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the body surface potential induced by the heart satisfies a Poisson equation 
with time-varying source density [l]. 
It follows that the time-varying potential at a point on the body surface 
can be considered the product of a composition of maps-time is mapped 
to a varying source distribution within the heart, which is then mapped (via 
the solution of Poisson’s equation with appropriate boundary conditions) to 
the surface potential. How much we know a priori about the first map 
(effectively a nonlinear time evolution of surfaces) will determine whether a 
nontrivial mathematical treatment of the fundamental problem is possible. 
Assuming such an approach to be possible we can expect that topological 
considerations will be of great importance since the fundamental problem 
requires us to supply information about global structure (cardiac anatomy) 
via analysis of a relation which is intrinsically nonlinear in character. Our 
primary finding is that the fundamental problem is quite amenable to a 
topological approach and the analysis appears to provide striking informa- 
tion descriptive of a number of disease-sensitive geometric characteristics of 
cardiac muscle not previously thought accessible to electrocardiology. 
We can review prior work on the fundamental problem briefly by first of 
all observing that there has been no systematic mathematical approach to it 
previously. All present attempts to evaluate the body surface potentials fall 
into one of the following categories: 
(1) Empirical. This involves the utilization of diagnostic criteria devel- 
oped over decades of simple correlation between electrocardiograms (body 
surface potential tracings) and autopsy or catheterization findings. These 
criteria are often insensitive or nonspecific but constitute the core of the 
method used in clinical practice. 
(2) Multipole computation [2]. A time-varying source distribution such 
as the heart has a time-varying multipole expansion which can be de- 
termined from the body surface potentials assuming the properties of the 
body as a volume conductor have been modeled in some way. By themselves 
the multipoles give limited geometric insight, although dipole characteristics 
during certain time intervals do have direct theoretical implications for 
particular regions of muscle which may be diseased (e.g., an apparent 
persisting dipole during the normally isoelectric “ST” and “TP” segments 
of the electrocardiogram suggests acute injury, while orientation and magni- 
tude changes in the dipole during the “QRS” interval can suggest the 
noncontribution, and therefore disease, of specific regions of cardiac muscle). 
(3) Transfer function construction [3]. As an alternative to (2), a transfer 
function mapping body surface potentials to potentials near the heart can 
be constructed from laboratory investigations and then employed clinically. 
This circumvents the unwanted contribution of the conductive inhomogene- 
ities of the body, but like (2) provides only limited geometric insights. 
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(4) Dipole array model [4]. In an effort to obtain more geometric 
insight than that afforded by the geometrically trivial point multipole, the 
heart is assumed to be some a priori fixed dipole array with both known and 
unknown properties (e.g., the number, relative positions, and orientations 
are known; the time-varying relative magnitudes of the dipoles are to be 
determined). The output of method (2) or (3) above can be used to fix the 
initially unknown properties of the array. The disadvantage of this model is 
that the a priori fixed properties of the array are necessarily nonunique and 
relatively ad hoc, and therefore, the final result cannot be said to definitely 
reflect cardiac geometry. 
None of the above approaches make any use of the dynamic implications 
of the well-known fact that during ventricular depolarization the body 
surface potentials exist by virtue of the interface between depolarized and 
nondepolarized cardiac muscle, which behaves like a surface of dipole 
moment density propagating through the extent of ventricular muscle via 
“local” spread (i.e., Huygen’s principle). This constraint will figure quite 
prominently in our analysis. 
The deficiencies of present electrocardiologic disease criteria are unfor- 
tunate as diagnostic precision is vital for selection of appropriate ther- 
apeutic intervention to minimize or prevent morbidity. Solution of the 
fundamental problem of electrocardiology is therefore of the utmost interest 
medically. In our treatment of this problem we show that classes of disease 
not previously thought amenable to noninvasive diagnosis can in theory be 
identified (e.g., prior subendocardial infarction), previously inaccessible 
quantitative data on others can be measured (e.g., for the hypertrophies), 
while a new, more complete and satisfying geometric description is possible 
in others (e.g., conduction defects and arrhythmias). We also provide 
explanation of electrocardiographic fine structure apparent in previous 
studies [5, 61 but, until now, not well understood. 
This expectation for the expansion of electrocardiologic utility is ulti- 
mately derived from the identification and understanding of the underlying 
topological foundations of this field. 
2. NAIVE TOPOLOGICAL MOTIVATION: AN EXAMPLE OF How 
CARDIAC TOPOLOGY CHANGES WITH DISEASE 
The heart is a volume of muscle whose purpose is to direct blood in a 
sequential fashion to the lungs and to the periphery. It consists of four 
chambers: right and left atria accept blood from the systemic and pulmonary 
veins, respectively, and then send it into the right and left ventricles, which 
then pump the blood to the pulmonary and systemic arteries. 
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The ventricular muscle (to which we will be confining our attention) is 
basically a bowl with a partition down the middle (thus creating a right and 
left chamber). The inner surfaces of the muscle, which are in contact with 
the blood to be pumped, are called the endocardial surfaces. The outer 
surface in contact with the pericardial sack in which the heart lies is called 
the epicardial surface. Apart from its intrinsic geometric (anatomic) proper- 
ties the ventricular muscle is also a medium for the propagation of the 
depolarization wavefront, which is the interface between depolarized and 
nondepolarized cardiac muscle existing during the time interval of ventricu- 
lar depolarization (the “QRS” interval). It is the latter structure which 
creates the body surface potentials (during the depolarization interval) since 
it behaves electrically like a surface of dipole moment density. These 
electrical properties will be more fully described in Section 3. 
Among the concerns of cardiac diagnostics is the identification of diseases 
of the ventricular muscle which are manifested by infarction (electrome- 
chanical death of a discrete region of muscle), hypertrophy (symmetric or 
asymmetric increase in the thickness of muscle in a cardiac chamber or 
chambers), and conduction defects (disorders of the normally standard 
depolarization sequence which may sometimes suggest a propensity for the 
degeneration of cardiac rhythm into fatal asystole or ventricular fibrillation). 
As will be seen later, all three of these disease categories can be delineated 
by recognition and computation of alterations in topological invariants of 
depolarization wavefront propagation. In this section we will merely de- 
scribe (for motivational purposes) how topological information, if known, 
would allow diagnosis of the first category of disease-infarction of ventric- 
ular muscle. 
In clinical practice there are two types of infarction. Transmural infarc- 
tion means the death of a wedge of heart muscle extending through the full 
thickness of the ventricular wall, i.e., from the endocardial to the epicardial 
surface. Subendocardial infarction implies the death of muscle lying on the 
endocardial surface but not extending far enough to include muscle at the 
epicardial surface. 
Now, if we imagine a model of healthy ventricular muscle fashioned from 
some material, say clay, then the surface bounding the clay (a bowl with a 
partition) is topologically equivalent to a sphere. Suppose, however, a 
transmural infarction existed. Then we could modify our clay model to 
reflect this by removing a plug of clay extending from inside to outside 
surfaces. It is clear that the surface surrounding the clay model is now 
topologically a torus (we assume the infarction does not involve the most 
superior portion of the ventricular wall). Identifying electrically viable 
ventricular muscle with our clay model, we can say that the surface 
bounding living ventricular muscle changes topologically from a sphere to a 
torus following transmural infarction (Fig. 1). 
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FIG. 1. The effect of a transmural infarction on the electrically viable ventricular muscle. 
(A) Pre-infarction, (B) post-infarction. “ = ” denotes topological equivalence. 
For a subendocardial infarction the removed plug of clay does not 
topologically change the surface bounding the ventricular muscle from a 
sphere; however, it does topologically alter the propagating depolarization 
surface. As will be detailed in the next section, the depolarization wavefront 
spreads along most of the endocardial surface quickly while it traverses the 
intramural muscle more slowly. For a noninfarcted heart, early in the QRS 
interval the left ventricular component of the depolarization wavefront is 
topologically a disc. However, for a heart with a subendocardial infarction 
the left ventricular component of the depolarization wavefront becomes 
multiply connected as the endocardial border of the infarct is engulfed. 
Later the component again becomes simply connected (Fig. 2). Thus, the 
component makes the transition from a disc to an annulus and then back to 
a disc, whereas for a heart without an infarction the left ventricular 
depolarization wavefront component does not undergo these topological 
alterations. 
Diagnosis of prior transmural infarction is occasionally missed electro- 
cardiographically (e.g., posterior wall infarction) and the presence of prior 
subendocardial infarction, while of great clinical significance, is a diagnosis 
which cannot be made electrocardiographically at all. It is clear, therefore, 
that the identification of the “cardiac topology” mentioned in the prior 
paragraphs would represent a substantial advance in cardiac diagnostics in 
that classes of infarction now undiagnosed in practice could be clearly 
recognized. 
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FIG. 2. A left ventricle with a subendocardial infarction is drawn in cross section (the 
infarct is shown as the shaded region). Depolarization wavefronts at various times are 
indicated. Note that in three dimensions the depolarization surfaces WF, and WF, are 
topologically discs, while WF, is an annulus. Thus, in the presence of an infarct the 
depolarization wavefront makes topological transitions which do not occur in the absence of 
infarction. The points x1, x2, x3 are nontransversal intersections of a wavefront and the cardiac 
surface, and thus are critical points of a/-see Section 4. (The wavefront on which x1 lies is 
not drawn.) 
3. ELECTROCARDIOLOGIC BACKGROUND 
We will now describe the well-known facts from electrocardiology which 
we will explicitly require. The reader is referred to [l, 71 for further details. 
The heart is a biological tissue consisting of intracellular and extracellular 
space separated by cell membrane. The electrical generator effects of the 
heart are due to the movement of ions across cell membranes either in 
response to an electrochemical gradient in the presence of a favorable 
change in local membrane permeability characteristics (depolarization), or 
by active transport via a pump mechanism against an electrochemical 
gradient (repolarization). In the situation where a region of muscle has no 
net charge flow anywhere and there is a significant negative transmembrane 
potential (generally about -90 millivolts), the region is said to be re- 
polarized. Where there is not net charge flow and negative transmembrane 
potential is not present, the muscle is said to be depolarized. In that region 
of muscle where there is net charge flow in the direction of increasingly 
negative (decreasingly negative) transmembrane potential the muscle is said 
to be repolarizing (depolarizing). 
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A characteristic of repolarized heart muscle is that it will begin depolariz- 
ing following the depolarization of an immediately adjacent piece of muscle 
(propagation of depolarization stimulus by local spread). After depolariza- 
tion the muscle remains in a depolarized state for a certain fixed interval of 
time which may vary from point to point in the muscle (the refractory 
period) following which it spontaneously repolarizes, and is only then 
capable of depolarization again. 
Given the heart muscle in a resting repolarized state, depolarization can 
be initiated at some point in the muscle which undergoes spontaneous 
depolarization, and this then triggers sequential depolarization of the heart 
muscle via the local spread property mentioned. Thus the stimulus to 
depolarize propagates as a wavefront away from the initial trigger point. 
This is essentially what occurs for a trigger point in the ventricular muscle 
(e.g., parasystolic ectopic focus). However, in the usual situation where the 
depolarization trigger exists in the right atrium (the sinoatrial node) a 
specialized conduction pathway exists which further directs the spread of 
depolarization through the atria and then to large portions of the inside 
(endocardial) surfaces of the right and left ventricles. 
The depolarization of the ventricles takes place over a well-defined time 
period termed the QRS interval (easily recognizable from the body surface 
potential tracings, Fig. 3). For the normal supraventricular originated 
depolarization (e.g., sinoatrial node triggered), at the onset of the QRS 
interval there is very rapid establishment of two disjoint regions of de- 
polarizing muscle (one each on the right and left ventricular endocardia) 
which then ultimately lead to spread of depolarization to the mass of the 
ventricles via the local spread property. 
mV 
time 
FIG. 3. Components of an electrocardiogram (electrical potential measured at a point on 
the body surface). Atria1 depolarization occurs during the P wave interval, ventricular depolari- 
zation occurs during the QRS interval, and ventricular repolarization occurs during the T wave 
interval. The axes are millivolts versus time. 
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FIG. 4. The action potential is a graph of transmembrane potential versus time at a location 
within the heart muscle. At the location represented by the graph given the transmembrane 
potential is initially strongly negative, then depolarization occurs. The time period over which 
depolarization takes place at the location is very small compared to the total time required for 
complete cardiac depolarization (i.e., the action potential is steep during depolarization). 
At any time during ventricular depolarization there are three regions of 
ventricular muscle- the part which is repolarized, the part which is de- 
polarized, and the part which is in the act of depolarizing (we assume, as is 
usually the case, that there is no repolarization during the QRS interval, i.e., 
“reentry” is excluded). Since the act of actually depolarizing takes a 
negligible time period (Fig. 4), the latter region of ventricle can be consid- 
ered to be a surface representing the interface between the first two regions 
of muscle. As is well known, the electrical effect of depolarization is that this 
interface between depolarized and repolarized muscle behaves like a surface 
of dipole moment density (this is fully derived in [l]). This interface is also, 
of course, the wavefront responsible for sequential ventricular depolariza- 
tion propagating by the local spread property we have been alluding to. We 
will denote this depolarization wavefront at time t as WF, and assume it to 
be of essentially uniform dipole moment density magnitude. 
We are therefore entitled to view ventricular depolarization as a phenom- 
enon satisfying Huygen’s principle over an interval of time (0, to&, the 
QRS interval (Huygen’s principle states that WF,+&, is the envelope of the 
wavefronts that would propagate separately from each point of WF, in time 
At-see [8] for a full discussion). 
For a supraventricular originated stimulus there is very rapid establish- 
ment of two initially disjoint wavefronts which then propagate through the 
extent of ventricular muscle until it is all depolarized. By convention we can 
imagine that two points (one on the left and one on the right ventricular 
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endocardium) give rise to the two depolarization wavefronts but because of 
the conductive properties of the cells on the endocardial surfaces, broad 
subendocardial wavefronts are almost immediately established (e.g., by 
analogy with geometrical optics we could say that the “indicatrix” of the 
points on portions of the endocardial surfaces is such that there is much 
more rapid propagation along the endocardium than transmurally, and the 
ventricular muscle is an anisotropic conductive medium). In contrast, for a 
parasystolic ectopic focus the depolarization wavefront has origin at just a 
single point. 
Since the heart is the electrical generator responsible for the body surface 
potential it must be a time-varying source of charge distribution. Its 
magnetic inductive effects are known to be minimal; thus a quasi-electro- 
static analysis is valid. Every charge distribution has a series of multipole 
moments such that if the charge distribution were placed around the origin 
of an orthogonal coordinate system embedded in a homogeneous linear 
isotropic volume conductor of infinite extent, the potential $I induced at a 
point ii = (ui, u2, uj) outside a sphere containing the charge distribution is 
given by (e.g., [9]) 
~~=a/R+(i,.P)/R3+1CQ...../R5+..., 
2ij ‘J ‘J 0) 
where R2 = uf + ~2’ + u:. Since the heart is neutral, a = 0, and the dipole 
term of the above expansion, b, is called the vectorcardiogram, which we 
denote as VCG(t) = (X(t), Y(t), Z(t)). It is uniquely determined from the 
body surface potentials (assuming the body volume conductor properties are 
known) and routinely approximated clinically. We will assume that the 
measurement of VCG(t) is always available to us. 
The geometric meaning of VCG(t) is revealed by the following: Imagine 
the heart embedded in an infinite linear isotropic homogeneous volume --- 
conductor and that an orthogonal coordinate system X, Y, Z exists with the 
heart placed around the origin. It then follows from a simple theorem of 
electrostatics (often called in this context the Solid Angle Theorem of 
Electrocardiology) that the potential at a point in the conductor at some 
time t during ventricular depolarization is proportional to the solid angle 
subtended by the point and the depolarization wavefront WF, sensitive to 
orientation (this is ultimately just a simple consequence of Coulomb’s law 
[lo]). We may assume the magnitude of the proportionality constant is 
unity. Suppose we measure potential at the points 2 = (R,O,O), J = 
(0, R,O), Z = (O,O, R). It is obvious from (1) that 
lim R2(~2,?~,~~)= VW(t) = (X(t),Y(t),Z(t)). 
R-C-2 
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But +% can be taken to be just the solid angle subtended by 1 and WF, (up 
to a sign which depends on the orientation of the dipole moment densities 
with respect to 2). It follows that 
X( t ) = lim R*rp, = f area of the projection of WF, on the Fz plane 
R-CC 
and similarly for Y(t) and Z(t). Thus, the magnitude of each component of 
the vectorcardiogram can be taken to be the area of WF, projected on the E, 
E, or xy planes. Let p be any unit vector from the origin. It follows that 
lp . VCG(t)( equals the area of the projection of WF, on the plane with unit 
normal p (by “projection” we always mean this projection parallel to p). 
Our opportunity to identify pathological anatomy from the body surface 
potentials consists of examining these potentials during depolarization (the 
QRS interval) or repolarization (T wave)). Repolarization is heavily depen- 
dent on the refractory period following depolarization which varies greatly 
throughout the muscle, and this variation itself is quite sensitive to non- 
anatomical factors (e.g., drugs, electrolyte concentrations) to variable de- 
grees in different parts of the muscle. Further, since there is no obvious 
naturally occurring geometric structure associated with repolarization (anal- 
ogous to the depolarization wavefront, for example) depolarization appears 
better suited for obtaining theoretically derived geometric information (this 
is not to slight the T wave for its empirical usefulness, though it is an 
extremely nonspecific indicator of disease). As for the other time intervals in 
an electrocardiogram, the ST versus TP segment detects inadequate re- 
polarization of muscle regions as occurs in acute myocardial infarction or 
ischemia but the mathematical (geometrical) interpretation of these is 
mathematically trivial, well known, and need not concern us. 
Therefore, in terms of ventricular anatomy it is the QRS interval (i.e., 
ventricular depolarization) which is suited to mathematical analysis. 
4. THE DIFFERENTIAL MODEL OF THE HEART 
(Initially we will consider ventricular depolarization preceeding from a 
wavefront derived from a single point-i.e., a parasystolic ectopic focus. 
The more complicated situation of two independently propagating wave- 
fronts (as occurs in supraventricular originated depolarization) will be 
considered in Section 6. There it will be found that a slight modification of 
criterion 3 below must be made; however, it will be seen that the modifica- 
tion does not affect our ability to identify the cardiac topology as detailed in 
this and the following sections.) 
We define VM to be the subset of W3 occupied by electrically viable 
ventricular muscle, aVM to be the boundary of VM (i.e., the ventricular 
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surface), and WF, to be the interface between depolarized and nonde- 
polarized ventricular muscle for t E (0, toRs) (i.e., the QRS interval). 
A “smooth model of the ventricles” satisfies by definition the following 
four criteria: 
(1) VM is a connected, oriented differential 3-manifold with boundary. 
(2) WF, is a surface of uniform dipole moment density and is the 
generator of the body surface potentials at time t according to electrostatic 
principles. 
(3) The interior of WF, is a differential 2-manifold. Its boundary is a 
smooth l-chain on NM (and therefore a smooth l-boundary). 
(4) WF, propagates smoothly in the following sense: Let a function f: 
VM + R be defined so that f(x) = t if and only if x E WF,. In other 
words f(x) is the time the depolarization wavefront reaches x. Then f is 
assumed to be in C* [VM]. 
“An electrocardiogram generated by the smooth model” (or “model 
EKG”) is defined to be $(t) = VCG(t) * p, where 3 is any fixed unit 
vector and VCG(t) is the dipole term of the multipole expansion of WF,. 
Consider af: NM --) W defined to be the restriction of f to 8VM. Since 
f is smooth it follows that af is smooth. It also follows from (l)-(4) above 
that the critical points of b’f (i.e., those points x, E 8VM such that the 
d( L3f )I,., = 0) are exactly the points of nontransversal intersection of JVM 
and WF, (Figs. 2 and 5). 
Because of the genericity of the Morse functions, the instability of the 
property of non-Morseness and the fact that we are modelling a physical 
situation the characteristics of which must be stable to small perturbations 
(e.g., there is beat-to-beat variation in ventricular filling which changes 
surface curvatures slightly), we can assume that af is a Morse function (i.e., 
its critical points are isolated and nondegenerate). We can similarly assume 
that a particular critical value t, is associated with exactly one critical point 
X C’ 
The validity of a smooth model such as this is the following. The 
ventricular muscle, ventricular surface, and depolarization wavefront all 
have physical meaning and can certainly be idealized mathematically such 
that the idealizations faithfully generate the same potentials as the real 
physical structures. In particular, the imposition of smoothness conditions 
on the model does not prevent the construction of potentials arbitrarily 
close to those produced in rho. In addition, recording body surface poten- 
tial in uiuo is basically an analog process, and ultimately the recorded 
potential is just a smoothed approximation to the actual potential. In this 
sense the potential determined by a “sufficiently well constructed” smooth 
model is more “accurate” than that recorded in uiuo (i.e., given an absolute 
TOPOLOGICAL ELECTROCARDIOLOGY 241 
WF 
FIG. 5. (A) A cross section of the left ventricle is drawn with several depolarization 
wavefronts. X, is a nontransversal intersection of WF,, and VM. (B) The inferior left 
ventricular epicardial surface with several level sets of df indicated. Note that x, is a critical 
point of af (a relative minimum, Morse index 0) and t, is a critical value of af. 
knowledge of the heart, a smooth model could be constructed whose 
induced potentials computed mathematically are closer to the actually 
occurring body surface potentials than those recorded from the body 
surface by an analog recorder with a given finite frequency response). 
Our program can now be made clear: the goal is to identify each critical 
value of i?f along with the Morse Index of its associated critical point by 
analysis of the body surface potentials (in particular, a vectorcardiogram). 
From this it would follow that cYVM, the surface bounding electrically 
viable ventricular muscle, is computable up to a diffeomorphism (e.g., from 
the Morse inequalities). From Section 2 we realize that this allows us to 
count the number of nonconfluent transmural infarctions a heart has 
sustained. Let dVM, be the subset of 8VM which together with WF, bounds 
the ventricular muscle depolarized by time t (i.e., JVM, is the portion of 
ventricular surface depolarized by time t). Then we would also be able to 
follow the change in JVM, (and WF,) as an adjunction of cells of ap- 
propriate dimension via the basic Morse theory theorem [ll]. From the last 
part of Section 2 it is clear that this can enable diagnosis of subendocardial 
infarction. Further, the successive adjunction of n-cells (where n is the 
Morse Index of the critical point) enables a topological diagram to be drawn 
of the actual depolarization sequence (e.g., representing the sequential 
topological changes in 8VM,) with obvious descriptive value in the classifi- 
cation of conduction defects. 
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Ultimately we will be able to identify the critical values of af because at 
these times WF, has a nontransversal intersection with dVM, and this is 
reflected in a fundamental structural change in the potential induced on the 
body surface in a neighborhood of this critical time. However, without the 
introduction of further a priori information about ventricular depolarization 
we will only be able to identify the Poincare index of the associated critical 
point of d( 8f) rather than the Morse index of the associated critical point 
of af. In other words, we cannot distinguish between Morse index 0 and 2 
points. This still allows large amounts of anatomical information to be 
extracted (e.g., we can apply the Poincare-Hopf theorem among other 
things). However, the identification of the ventricular muscle with a finite 
CW complex is sufficiently attractive anatomically that we investigate in 
Section 7 what further assumptions are required to make this possible. 
5. THE INDEX SEQUENCE AS A TOPOLOGICAL INVARIANT OF 
VENTRICULAR DEPOLARIZATION COMPUTABLE FROM 
THE BODY SURFACE POTENTIALS 
Since it will introduce no ambiguity and will be a considerable notational 
convenience, in this section only we write f to mean af. 
Let us imagine our smooth model of the ventricles of the previous section 
placed around the origin of an orthogonal coordinate system embedded in 
an infinite linear isotropic homogeneous volume conductor, and imagine 
that we measure potential at points of a sphere of radius R large compared 
to the size of the ventricles and centered about the origin. Then up to a 
multiplicative constant which we can assume to be unity, the potential on 
the sphere at a point P is just 4(t) = p . VCG(t) + 0(1/R), where p is 
the unit vector from the origin pointing to the point P. We will neglect the 
big oh term, and will henceforth consider p to be fixed, and often write G(t) 
for $(t). From the last part of Section 3 we know that $,(t) is the area of 
WF, projected onto a plane with unit normal p. Consequently, we may 
write 
where (Ii, E2, t3) are Cartesian coordinates in Iw3 such that (Er, t2) span a 
plane with unit normal p (which we call the p-plane), Proj(WF,) is the 
projection of WF, parallel to p onto this plane, C, = aWF, c JVM, and u 
is a fixed l-form on NM which we will specify as follows: Consider the 
mapping h: NM + P-plane such that for x E NM, x = (Ei, t2, t3), then 
h(x) = (El, E2). Let V be any open subset of aVM such that T/ and 
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h(V) C p-plane are dill&morphic. Then w is defined to be the l-form on 
an4 satisfying 
i.e., w is such that (h-l)* w = -(l/2)$, d(‘, + (l/2)5, dE2, where (h-l)* is 
the pullback map induced by h-’ (in this context h is understood as being 
restricted to appropriate subsets of aVM). 
Now consider an interval [to, tr] c (0, toRS) which contains no critical 
values of f. It follows that df # 0 for any point in D = {x E aVM : x E 
C,, t E [to, ti]}. Suppose CI, consists of exactly n components. Write C(, = 
G”.l ” co,2 ” . * * “c,o,tl* Each Cl,,i is a smooth singular l-simplex (crite- 
rion 3 of Section 4) and therefore we can write C,, = {C&X) : X E [0, 11). 
We can now extend this parametrization of C,, to each C,, t E [l,, tr], via 
C*.;(A) = g “(‘~x)(C,O,i(X)), where g” is the l-parameter transformation group 
such that 
$$b, = df (t?‘(x)) 
(this is possible because df f 0 on 0). Then we have 
It is apparent that d@/dt exists for f E (to, tt) (e.g., take the derivative 
operator inside the inner product as covariant derivative). 
Now suppose there is exactly one critical value I, in the interval (to, tr) 
with t, = f ( xc). Choose a small neighborhood U in 6’VM around x,. Now 
let 
c: = c, - u and C,’ = C, n u. 
We then have 
We claim first of all that d+,/dt exists for all t E (to, tr). It clearly exists 
for t # t, by our prior argument. For t = t, parameterize Ct in some 
manner. Then as before we can extend the parametrization smoothly to C: 
for 1 close to t, via g” because df # 0 on D - U. An integral analogous to 
(2) can be constructed over which it is valid to convert differentiation of the 
integral into the integral over covariant derivatives, which exist on D - U. 
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Now we turn to &(t). First, since U is a small open subset of a smooth 
a-manifold, a chart for U can be given by the projection of U onto the 
B-plane. This diffeomorphism can be taken to be h as defined previously 
(restricted to U). It is now understood that the $-plane is the plane with 
unit normal p through the point xc, and that the axes il, t2, 5s (which give 
(tl, &, t3) as our Cartesian system with (El, t2) spanning the j-plane) have 
origin at xc, i.e., x, = (O,O,O). Then 
(4) 
where again (h-l)*@ is the pullback of o (which we already know is 
-(l/2)5,&, + (l/2)5, d.$,). By definition, C: = {x E U: f(x) = t}. 
Then Taylor expanding f(x) about xc, we can see that (since dflX, = 0) 
h(q) = {t&,&) E W): t =f(x,) + u,g + %-t,’ + ~(~l,~,)}, (5) 
where i1, c2 are suitably rotated axes and (~(ti, t2) = O(,$ &), i + j = 3. 
Once the signs of a, and a2 are fixed the integration in (4) is elementary. 
We compute the possibilities as follows: 
Case 1 (Ui > 0, a* > 0). Note that for U a sufficiently small open set 
containing xc, if t < f(xJ = t, then from (5) we see that h(CF) is empty. 
This is exactly what we expect if x, is a relative minimum of the Morse 
function f; i.e., for any small neighborhood containing xc, t, = f(x,) must 
be smaller than any other t = f(x) for x E U. Thus {x E U: t = f(x) < 
f(xc) = tc} = 0. This tells us (in Case 1) that the Morse index of the 
critical point x, is 0. For t > t, the h(C:) are, to first order, ellipses 
progressively enlarging as t increases. 
Integrating (4) we find using (5) with a, > 0, u2 > 0 
+2(t) = 0, t I t,, 
= [tv(ulu2)“2](t - tc> + O((t - tJ”), t > t,. 
(The above is actually true only up to a sign which is determined by the 
orientation of the dipolar surface WF, with respect to the point P on the 
body surface. This consideration is unimportant to us.) 
The big oh term above is a differentiable function for t > t,. We therefore 
find 
2(t) = 0, 
= T/( u,u2y2 + o( t - t,), t > t,. (6) 
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Combining with (3) we find that if t, is a critical value of a Morse index 0 
critical point then d+/dt has a step discontinuity and the magnitude of the 
step is m/(ara2)‘~*. 
(qQ*) l/* has a simple geometric interpretation. x, is the point of 
nontransversal intersection of 8VM and WF, , and is a Morse index 0 point 
of f. For t < t, but t near t, and for W an d 3 neighborhood of xc, to first 
order WF, 17 W looks like a paraboloid whose apex is moving with velocity 
i, in time toward the point x, on JVM I? W. JVM n W looks like a 
stationary paraboloid with apex x,. Therefore we can write WF, n W as 
roughly the pointset (Er, t2, c3) c W such that 
A& + A,[,2 + ‘435152 = 53 + 6 *p(t - t,). 
Similarly we can write JVM n W as roughly the solution set to 
45: + 4t; + B3ht2 = Es. 
With this understanding h( CF) becomes roughly 
{ 65, t,) : 5 - d(t - tc> = (4 - B,)t: +(A, - B2)5; + (4 - B&52} 
or by suitable rotation of axes, {([;, 5;) : 5 . P(t - t,) = k:<;* + ki&‘$*}. 
Then 
$0*(t) = 0, 
=4w)= 97 
hk2 (a,a,y’* ’ 
t z=- t,. 
Clearly we can think of k,k, as a measure of the “relative Gaussian 
curvature” of dVM to WF1, at the point x,. 
Thus, the height of the step discontinuity in d+/dt at t, is r times the 
component in the fi direction of the local velocity of wavefront propagation 
at t, divided by the relative Gaussian curvature of the wavefront to the 
ventricular surface at x,. (Thi s ar g ument can easily be made rigorous by 
introducing order of magnitude terms where the constants are written in the 
equations for the surfaces, i.e., replace A, by A,(t) = A, + O(t - t,), etc.) 
Case 2 (aI < 0, a2 < 0). This case (in which x, is now a Morse index 2 
critical .point of f) is entirely analogous to Case 1. We find 
d+, - = +(a,a*y* + o(t - tc), dt t < t,, 
= 0, t> t,. (7) 
Again dcp/dt has a step discontinuity of height n/(aIa2)‘/* at t,. 
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Case 3 (a, < 0, a, > 0). Now x, is a Morse index 1 critical point of f. 
Integrating (4) and then differentiating with respect to t we find 
2 = (- l/a,a,)“*log( t, - t) + O(l), t < t,, 
= (- 1/a,a2)“*10g( t - tc) + O(l), t > t,. 
In this case d+/dt has a narrow spike at t, (d$/dt + - 00 as t ---) t,, but 
so quickly that the area under dqb/dt in a neighborhood of t, is finite). 
However, 
This spike is less narrow, but of possibly greater importance, the above 
function is strictly positive for t > t, (and bounded away from zero by a 
“large” positive number) while the function is strictly negative for t < t, 
(and bounded away from zero by a “large” negative number). Thus d *rp/dt 2 
has an apparent step discontinuity for t, equal to the critical value associ- 
ated with a Morse index 1 critical point (to be precise d *+/dt* tends to 
+ oc as t + t,’ but since such an effect will not be seen on an electrocardio- 
gram recorded on the body surface, because the analog recording equipment 
will smooth the signal thus eliminating infinities in the derivatives, we 
emphasize the “apparent” step discontinuity in the second derivative-which 
can be recognized as a point of large slope in a computation derived from 
analog signals). 
We summarize our result so far. Time values associated with Morse index 
0 or 2 critical points (thus far we cannot distinguish between them) are 
recognized from the model EKG as times when the derivative of the model 
EKG is discontinuous (height of the discontinuity directly proportional to 
depolarization wavefront velocity in a neighborhood of x, and inversely 
proportional to the relative Gaussian curvature of JVM to WFI, at xc). 
Times associated with Morse index 1 critical points are times when the 
second derivative of the model EKG has a “step discontinuity.” 
To this point we are then able to compute the Euler characteristic of 
8VM from the Morse equality 
x@VM) = (X, + N,) - N,, 
where N, is the number of critical points of f of index i. Since I~VM is a 
compact, connected, oriented, and boundaryless 2-manifold this determines 
8VM up to a diffeomorphism. This tells us (among other things) the number 
of nonconfluent transmural infarctions VM has sustained, and it also 
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FIG. 6. This figure is reproduced, with permission, from Simson et al. [6]. The data (used by 
those authors for a purpose considerably different from our own) detail the fine structure of the 
vectorcardiogram (VCG). It can be appreciated that a derivative of the curves shown will 
contain the apparent step discontinuities whose existence and meaning we have derived from 
theory in Section 5. (The curves shown are ((X(f))’ + ( Y(t))2 + ( .Z(I))~)‘/~, where frequen- 
cies lower than 25 Hz have been filtered from (X(t), Y(t), Z(r)) = VCG(r). Also, because of 
scale factors the upper portions of the curves are not included). The curves shown were 
obtained from two patients with inferior wall myocardial infarctions. 
provides an explanation for the high-frequency components of the electro- 
cardiogram (Figs. 6 and 7). 
It actually tells us significantly more, however. We are able to arrange in a 
linear sequence the ordered pairs consisting of the critical times of j coupled 
to the Poincare indices of the critical points of dj associated with these 
critical values (x, is a Poincare index 1 critical point of dj if and only if x, 
is either a Morse index 0 or 2 critical point of j. x, is a - 1 Poincare index 
critical point if and only if x, is a Morse index 1 critical point of j). The 
ordered set of Poincare indices (call it the index sequence) is a topological 
invariant of depolarization propagation in the ventricles and in all likeli- 
hood is the same for healthy adult people (perhaps with a small percentage 
of exceptions are there often are in medicine). Additionally, the time 
associated with each index is doubtless also of interest, e.g., in the hyper- 
trophies. This will be elaborated on later. 
How then do we interpret an index sequence that is different from the 
“normal” index sequence? First, if it sums to Euler characteristic 0 we know 
that the patient has sustained a transmural infarct (if the Euler characteris- 
tic is - 2 we can say the patient has sustained two transmural infarcts which 
do not touch). However, if the Euler characteristic is 2 (i.e., the ventricular 
surface is still homeomorphic to a sphere) we can geometrically explain the 
deviation from the topologically standard index sequence in other ways. 
Consider the subendocardial infarction mentioned in Section 2. It would be 
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FIG. 7. These data, reproduced, with permission, from Mori [S], show computation of 
(( k(t))2 + (k(r))* + (.k(r))2)‘/2 =“spacial velocity ECG.” Again apparent is the electro- 
cardiographic fine structure whose meaning is derived and geometrically exploited in Sections 5 
and 6. (A-C) QRS waves of the normal spatial velocity ECG. Paper speed: 100 mm/set. Type 
A was seen in 91% of normal cases. Types B and C were seen in S and 4%, respectively. (a-f) 
Various patterns of QRS waves of the spatial velocity ECG in old myocardial infarctions. 
Paper speed: 100 mm/set. (a) Normal configuration, (b) staircase ascent of the initial portion, 
(cd) widening of the initial half, (e) one-peaked triangular configuration, (f) triangular 
configuration with notches or slurrs at the top. 
expected that this infarction would add a - 1 Poincare index and a + 1 
Poincare index to the index sequence (e.g., Fig. 2) thus suggesting an 
interpretation for an unchanged Euler characteristic but increased numbers 
of critical points. A different interpretation would be valid for obviously 
disrupted conduction (e.g., ectopic beat, branch blocks) in which the dis- 
ordered index sequence is descriptive of the type of conduction defect. 
In order to put the latter considerations on a more intuitively geometric 
basis we will attempt to distinguish between Morse index 0 and 2 critical 
points in Section 7, .which will allow us to introduce finite CW complexes. 
6. SUPRAVENTRICULAR INDUCED VENTRICULAR DEPOLARIZATION 
A complication arises with criterion 3 of Section 4 when one considers 
ventricular depolarization subsequent to the propagation of two initially 
independent wavefronts, as occurs with a normally conducted supraventric- 
ular originated impulse. We now discuss how this happens, and the neces- 
sary modification of our model. 
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Consider Int(VM) = VM - 6’VM. This space is endowed with the natural 
Euclidean metric on R3 and each point can be labeled via a Cartesian axis 
system as (ql, q2, q3). However, we could define a new type of “distance” 
s = 11x - ~‘11 for x, x’ E Int(VM) to be the time it would take a depolar- 
ization wavefront beginning at x to reach x’ (we assume that the intrinsic 
conductive properties of ventricular muscle are such that this time is the 
same time as it would take a wavefront beginning at x’ to reach x, and we 
assume that VM is initially in a fully repolarized state). If we imagine x’ as 
very close to x we can write 
(ds)2 = C gijtx) hi&j 
I, /=1,2,3 
with gJi = gij. { gij} is a new Riemannian metric tensor over Int(VM) (we 
call it the wavefront metric) such that the distance between two points (the 
time a depolarization wavefront emanating from one point reaches the 
second point) is the shortest geodesic length between the two points with 
respect to the wavefront metric. For example, if we have an ectopic 
parasystolic focus e E Int(VM), then our previously defined function f(x) 
(defined as the time the wavefront reaches x) is just geodesic distance 
in our new metric, IIx - ell (in fact, f must be such that glj(x) = 
(af/a4i)(af/aqj)lx)a 
Since IIx - x’ll is only defined for x, x’ E Int(VM) we will extend it to a 
point x” E 8VM as follows: Let {xc} be a sequence of points with 
x; E Int(VM) for all n and lim,,,lx; - x”I = 0, where I I refers to the 
Euclidean metric. Then define [lx - x”ll = lim,,,llx - x;ll (we assume 
x E Int(VM)). 
With this in mind, let us now consider ventricular depolarization subse- 
quent to a normally conducted supraventricular originated impulse (the 
anatomy of this is detailed in [7]). Because of the left and right bundle 
branches and the Purkinje system, there is rapid establishment of two 
distinct depolarization wavefronts (initially disjoint), one propagating 
through the right ventricular muscle and one propagating through the left. 
In terms of our model we can idealize this by assuming that at time t = 0 
there is spontaneous depolarization of two points e, and e2 on the left and 
right ventricular endocardia and because of the metric tensor properties of 
points in Int(VM), very close to the endocardium there is rapid establish- 
ment of large subendocardial wavefronts. The right and left ventricular 
wavefronts initially are disjoint and can be taken as initially smooth 
(together they are WF,). However, when the wavefronts merge the points 
constituting the line of merger itself do not appear to be smooth points of 
the wavefront. Thus it appears criterion 3 of Section 4 must be modified to 
allow nonsmooth points of Int(WF,) along the line of merger of two 
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wavefronts. We now show that this has no impact on our ability to identify 
critical points according to the method of Section 5. 
In terms of the wavefront metric, we have 
WF,=({x0’M:~~x-e,~~=t}~{x~VM:~~x-e~~~=t}) 
- {x E VM : 1(x - ei(l = t and IIx - e,ll < t, 
or IJx - e,ll = t and )1x - eill < t) 
= (Dl u D2) - D,. 
For times t prior to merger of the left and right ventricular wavefronts, D, 
is empty and Int(WF,) is smooth. Define A, c WF, as 
A, = {x E VM : JIx - e,(l = 11x - e,l( = t}. 
A, is a curve on the surface WF,, and points of A, are not in general smooth 
points of WF,. All other points of WF, are smooth. 
Now consider af. This function will not be smooth at any point of 
A, n JVM. However, we can let af * be a Morse function approximating af 
with arbitrary accuracy. Since we can set df* = af for any point of aVM 
not in a small neighborhood of A, n aVM, we know from the work in 
Section 5 that all critical values of t, of af * such that t, = af *( x,), where 
x, G {x E aVM : A, n c?VM} can be identified as singularities of deriva- 
tives of +. However, let y be a nontransversal intersection of A, and JVM. 
Then y is a Morse index 1 critical point of af*. (Since y is not a smooth 
point of af we cannot talk about its index with respect to ilf. Also, it is 
geometrically clear that any index 0 or 2 point of af * is a smooth point of 
af.) Our whole program of deriving the cardiac topology rests on the ability 
to determine the critical values of a Morse function over aVM. Therefore, 
we will now show that the critical value r,, of af * associated with the critical 
point y can be found from $I. 
As before, we have C,={xEaVM:af=t} and C:=C,-U and 
C: = C, n U, where U c aVM is a small neighborhood of y. Also 
We also have 
C,‘= ({x E U:Ilx - eJ = t} U{x E U:Ilx - e211 = t}) 
-{x~U:Ilx-e211=tandIlx-e,ll<t, 
or 1)x - e,(l = t and 11x - e2ll < t} 
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Then 
(The integral over Cf3 is, of course, assumed to be taken over its piecewise 
smooth components.) 
91, +2,17 and +2,2 are all smooth functions of t in a neighborhood of t, 
since C,‘, C,‘,, Ctf2 are all smoothly propagating smooth curves (since the 
wavefront metric tensor is smooth). Note that Cl3 is empty for t < t,. 
As before, let 5’ and 5, be appropriately rotated axes on the p-plane 
defining a Cartesian coordinate system with y = (0,O). Consider the projec- 
tion on this plane of the curve C,,,. 2 The coordinates of the projected curve 
satisfy 
52 = wr: + c(t)& + b(t) + o(g) 
with 
a(t) = a, + o(t - fy), a, ’ 0, 
c(t) = Cl@ - fy) + o((t - t,)2) 
b(t) = b,(t - tu) + o((t - Q’), b, > 0. 
Then locally the projection of C& is given by the curve 
52 = 4 + b,(t - ty) + o(‘i: + c;,(t - I,)). (11) 
Similarly the projection of C,f2 is given by 
E2 = -a,%$ - b2(f - 1,) + o(G + &(t - f.“)) (12) 
with b,, u2 > 0. Then /c-3~ is just the area enclosed by the two curves (11) 
and (12). By elementary calculus this area is seen to be 
+ 2.3 = / 
w = 0, 
Clf3 
t < t,, 
= f ii:; ;p - ty)3’2 + o((t - ry)2), t ’ I,, (13) 
2 
where the big oh is a smooth function for t > t,. 
Note that the second derivative of + 2.3 (and hence +) is singular at t,. 
Although recordings of + may not be accurate enough to see the “infinity” 
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at t = t,, we would expect that at least an apparent step discontinuity could 
be noted (i.e., (d2/dt2)&, = 0 for t < t,, but (d2/dr2)&s is bounded 
away from zero for t > t, near t,, and bounded away by a number which 
gets arbitrarily large for arbitrarily accurate recordings). From (10) and (13) 
this implies an apparent step discontinuity in (d2/dr2)+ at t = t,. 
Recall that we previously showed that if x, is a Morse index 1 critical 
point of aj*, and x, is a smooth point of aj, then its associated critical 
value is an apparent step discontinuity of (d 2/dt 2)+. We have now shown 
that even the Morse index 1 critical points of aj* which are not smooth 
points of 8 j are recognized as apparent step discontinuites of (d 2/dt 2)$. In 
other words, the existence of independently propagating wavefronts, as in 
supraventricular derived depolarization, introduces no fundamental changes 
in critical point computation from the electrocardiogram cp. 
To summarize: aj* is a Morse function over JVM. One index 0 or 2 
critical point exists for every step discontinuity in the first derivative d+/dt, 
and one index 1 critical point exists for every apparent step discontinuity in 
(d2/dt2)+ not also a step discontinuity of dcp/dt. 
7. DISTINGUISHING MORSE INDEX 0 FROM MORSE INDEX 2 POINTS 
Finally, we address the question of distinguishing between the Morse 
index 0 and index 2 critical points. In general, if we know nothing about the 
initial conditions of the depolarization wavefronts this is not possible. 
However, if we agree to evaluate only QRS complexes which are initiated by 
supraventricular impulses (easily recognized as being coupled to the P wave) 
and if we assume there are no conduction defects, then there is much known 
about depolarization a priori. First of all, depolarization occurs subsequent 
to the propagation of broad right and left ventricular subendocardial 
wavefronts. Apart from two index 0 critical points at time zero (i.e., e, and 
e2, the mythical sources of the independent right and left ventricular 
wavefronts) there are apparently only two other index 0 points-one 
located at the nontransversal intersection of the right ventricular wavefront 
with the right ventricular epicardium (i.e., the point of initial right ventricu- 
lar epicardial contact of the depolarization wavefront) and one at the 
nontransversal intersection of the left ventricular wavefront with the left 
ventricular epicardium. Thus, if the number of step discontinuities of d+/dt 
inside the interval (0, tQRS) is m, then there are assumed to be m - 2 index 
2 critical points, and 2 + 2 = 4 index 0 critical points. The number of index 
1 critical points, k, is known from the analysis of (d2/dt2)+. Thus from the 
basic Morse theory theorem [ll, p. 201, the ventricular surface is homeomor- 
phic (since NM is compact) to a CW complex consisting of four O-cells, k 
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l-cells, and m - 2 2-cells. Since the ventricular surface is a boundaryless 
connected compact and oriented 2-manifold the connections between the 
cells are determined. 
It would be desirable to identify exactly which of the discontinuities of 
d+/dt are associated with the two index 0 critical points occurring for 
t > 0. The following prescription appears to meet this need but entails 
additional assumptions: recall that the size of the step discontinuity in 
d+/dt is inversely proportional to the relative Gaussian curvature of WF,= 
to JVM at the critical point x,. Let X, be one of the index 0 critical points 
at which either the right or left ventricular wavefront first meets epicardium. 
Since these are broad wavefronts (in which very large portions of the 
endocardium are depolarized prior to much propagation transmurally) it is 
geometrically clear that the Gaussian curvatures of WF, and aVM should 
be close at x,. For times t, + E, E > 0, $J should undergo rapid change as 
large interior portions of WF, disappear. Indeed, & should not be changing 
particularly much while & should be changing massively; i.e., it may be 
valid to say for small E > 0 with t = t, + E 
Notice from (6) and (7) that for an index 0 critical point Jd+,,/dtI is a 
step-up discontinuity while for an index 2 critical point Id+,/dtI is a 
step-down discontinuity. Then (14) implies that for the index 0 critical point 
representing nontransversal intersection of the right or left ventricular 
wavefront with the epicardium Id+/dtI is a step-up discontinuity at t,. It 
would then appear valid to conjecture that the two interior index zero 
critical values are those times at which Id+/dtI undergoes the largest step-up 
discontinuities (e.g., these are readily seen in Fig. 7). 
We can then make the following formulation: define aVM, as the subset 
of aVM which together with WF, exactly bounds the depolarized VM at 
time t (loosely speaking, JVM, is the portion of ventricular surface de- 
polarized by time t). Then associated with it we have the sequence of critical 
values of increasing times 
((O,O),(O,O),(t,,i,),...,(t,,j,),...,(t,,i,)), 
where the first number of the ordered pair is a critical time and the second 
number is the Morse index of the critical point associated with this critical 
time. (For time t = 0 there are the two assumed index 0 critical points ei 
and e2.) The above sequence is ordered from lesser to greater times and 
t,,, < t. Then we have that JVM, is homeomorphic to a CW complex 
consisting of the same number of 0, 1, and 2 cells as there are 0, 1, and 2 
critical points in the above sequence. This allows us to map the topology of 
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ventricular depolarization as a successive adjunction of cells. In the next 
section we carry out an example of the application of this analysis. 
8. SUMMARY AND EXAMPLE 
In this section we summarize our conclusions and discuss the different 
possible presentations of the output of our analysis. 
1. The surface bounding electrically viable ventricular muscle (SM) 
contains the relevant geometric information about the ventricular muscle 
itself. We are able to determine 8VM up to a diffeomorphism by computa- 
tion of the critical points and Poincare indices of the gradient of a certain 
Morse function over 8VM. (This Morse function is a smoothing of the 
function af = the time the depolarization wavefront reaches x E 8VM.) 
This computation is made possible by analysis of derivatives of the electro- 
cardiogram, which have characteristic singularities at critical values of af 
owing to nontransversal intersections of the depolarization wavefront and 
8VM. 
This is immediately descriptive of transmural infarction since the Euler 
characteristic (now computable from the Poincare-Hopf theorem) im- 
mediately gives the number of nonconfluent transmural infarctions present. 
It also gives evidence of subendocardial infarction since, although the Euler 
characteristic of the ventricular muscle remains 2, the number of critical 
points will increase (for the usual supraventricular originated impulse, at 
least one + 1 Poincare index and one - 1 Poincare index critical point will 
be added to the index sequence). Various local (or global) conduction 
aberrations must also disturb the sequence of indices and critical values in 
ways amenable to analysis. 
Further, quantities inversely proportional to the relative Gaussian curva- 
tures of the depolarization wavefront to ventricular surface at points where 
these have nontransversal intersections are computed. These, along with the 
times of right and left ventricular epicardial breakthrough (which given the 
assumptions of Section 7, are the critical times at which the largest step up 
discontinuities in the magnitude of the vectorcardiogram occur), should be 
quite descriptive of the hypertrophies (i.e., quantitatively reflect changes in 
wall thickness of the ventricles). 
All this appears available from the electrocardiogram subject only to 
minimization of signal noise which, because of the need to compute second 
derivatives from the signal, is a consideration which must be seriously 
addressed in itself and cannot be ignored. Nevertheless, it is clear from 
studies of velocity electrocardiograms and low-frequency filtered electro- 
cardiograms (Figs. 6 and 7) that present techniques should be sufficient for 
identifying Poincart index + 1 critical points from first derivatives of 
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electrocardiograms. This in itself provides much important geometric infor- 
mation (all the capabilities mentioned in the preceding paragraphs except 
the computation of &JM up to a diffeomorphism would still be available). 
The method provides a sequence of ordered pairs {(t,, i,)}, where t,,, is a 
critical value of d( Jf*) and i, is the Poincare index of its associated critical 
point. One geometrically expressive approach for arranging these data 
would be to take a standard surface of Euler characteristic Xi,, place each 
critical point on this surface, and then schematicise a vector field on the 
surface with these given critical points. The relative position of the critical 
points could be fixed in, some standard way according to the critical times 
they are associated with, and perhaps also some factors relating to known 
constraints imposed by cardiac anatomy. The most visually and clinically 
suggestive manner of doing this would require some further investigation. 
We emphasize, however, that the index sequence itself is fully adequate for 
all diagnostic tasks we have previously indicated. 
2. In an effort to provide the most optimum class of topological 
output from electrocardiographic analysis, in Section 7 we for the first time 
added information which cannot be derived from only the smooth model 
criteria of Section 4. Given the hypotheses of Section 7 we are able to show 
that the Morse indices of the critical points of Jf* are computable (without 
Section 7 only the Poincare indices of critical points of d( Jf*) can be 
determined). From this it follows naturally that 8VM is identified with a 
unique finite CW complex, whose structure is of very great interest, since it 
(0.1 
FIG. 8. A cross-section of the ventricular muscle is shown following a transmural infarction 
(shaded region). A few representative depolarization wavefronts are drawn. Some critical 
points of &‘f are shown as well, and beside each is an ordered pair indicating its Morse 
index and associated critical value. The full index sequence, ((0, rc). (0, t,,), (1, tr). (0, ~a), 
(0, tj), (1, t.,), (1, rs), (1, t6), (1, t,), (1, ts), (2, r9), (2, &A}, Euler characteristic = U- lYl,,, = 0, 
is to be obtained from analysis of the electrocardiographic potentials as derived in the text, See 
Table I and text. I, is the number of points of index M. 
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TABLE I 
Sequential Topological Diagram of Ventricular Depolari- 
zation for the Ventricle Sketched in Fig. 8, Utilizing Morse 
Theory and the Index Sequence Obtained from the VCG 
Analysis Derived in the Text 
+ E [to* + ml bVM+ 
t=t 0 . . 
to<+<+, 0 0 
t=t, 0 43 
1,<t<t2 
SW 
t=t2 
SW* 
t2<t<t3 
SW@ 
t=t3 
swa * 
t3<t<t4 SW 66 
t=t4 0ws”s 
t4<t<t5 SW0 
SIGNIFICANCE OF THE 
TOPOLOGICAL TRANSITION 
assumed point sources of right and 
left ventricular depolarization 
wovefronts (by convention for 
suproventriculor beats) 
engulfment of the endocordiol 
oepect of the infarct 
(adjunction of a I-cell) 
right ventricular epicordiol 
breakthrough 
left ventricular epicardial 
breakthrough 
linkup of right and left ventricular 
epicardial wavefront boundaries 
tells us all kinds of particulars about cardiac depolarization and structure. 
We will now given an example of this. The reader unfamiliar with the 
construction of cell complexes from Morse function critical points may 
consult [ll]. 
In Fig. 8 we show a schematic of the ventricles (which are drawn as a 
cross section for diagrammatic convenience) on which are noted some of the 
critical points of df*, beside which are their Morse index and critical value 
as an ordered pair. (The critical points of af* are the nontransversal 
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TABLE I- Continued 
’ E [‘OS ‘QRSI bVMt SIGNIFICANCE OF THE TOPOLOGICAL TRANSITION 
linkup of wavefront boundary 
t=t 5 around the infarct wedge with the epicardial wovefront boundory 
t5<t<tG I-4 
right ventricular endocordiol 
wovefront boundary linkup 
with epicardial wavefront boundary 
-1 wovefront boundary tinkup 
left ventricular endocardiol 
with epicardial wovefront boundary 
GT-j--g+ linkup of septal wovefront boundary 
t*< t as 
t=ts 
= ‘QRS 
yg the depolarization wovefront dies out into two sinks 
= 
the computed boundary 
surrounding viable ventricular 
muscle 
intersections of the depolarization wavefront and the ventricular surface.) 
Note that a transmural infarction is present (shaded region); thus the Euler 
characteristic of JVM is zero in this example since now the ventricular 
surface is a torus. It can be seen that the set of critical points and Morse 
indices given is compatible with this (the Morse equality sum gives Euler 
characteristic zero). We have also sketched in some of the depolarization 
wavefronts. 
We can now follow the precise sequence of depolarization and diagram it 
topologically. Recalling that aVM, is the portion of ventricular surface 
depolarized by time t, we can see that each morphologic transition of JVM, 
is realized by the adjunction of a k-cell. Both the times of transition and the 
dimension of the k-cell are known to us, computed from the electrocardio- 
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gram (subject to the hypotheses of Section 7). aVM is completely comput- 
able as the resultant finite CW complex, each cell of which describes a 
topological transition of aVM,. This is detailed in Table I. 
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